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Introduction



 Vacuum polarization: ΠJ (in continuum)

 Current-current correlator: J=V/A

in Lorentz  inv., Parity sym., and

 Contribution to ΠJ

Vacuum polarization

Low-energy (q2 ~ mπ
2)

CHPT, resonance model, …
Pion, rho,… meson

High-energy (q2 ≫ mπ
2)

OPE (Operator Product Expansion)
Gluon, quark field
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Spin 1 vector

Spin 0

(pseudo-)scalar



 〈VV〉and〈AA〉

 Muon anomalous magnetic moment (g-2)

 Strong coupling constant αs , gluon condensate〈αsGG〉
and quark condensate 

 〈VV－AA〉

 Electromagnetic (EM) mass difference of pion:

 Low energy constant: L10 (S-parameter)

 4-quark condensate, related to the weak matrix element 

of  

 …
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Related physics

There are many important topics, and 

these are dominated by non-perturbative effects ! 



 Magnetic moment of lepton (e, μ, …)

which is leading to glep~2, and alep represents the quantum effect.

 Recent works [Passera (2005)]

Exp  (World Av.)  : aμ
Exp =  116592080(60)     × 10-11

QED (5-loop)       : aμ
QED = 116584718.8(5)     × 10-11

Hadron (e+e- ,LO) : aμ
had =          6944(48)(10)× 10-11

EW (2-loop)         : aμ
EW =            154(1)(2)    × 10-11
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Muon g-2

~ +7362×10-11

+ …

Hadronic contribution

(vacuum polarization)



 QED correction to pion mass

 QCD

mπ
2 → 0 in the chiral limit, massless Goldstone boson associated with  

spontaneous chiral symmetry breaking

 QCD+QED

in the chiral limit. ← Goldstone boson mass

which is QED correction to charged pion. ⇒ splitting between mu and md

 Previous works (1-loop)
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Pion mass difference

 Resonance saturation model

 QED+QCD system on the lattice
Quenched Wilson:

2-flavor DW :    

[Das, et al.(1967)] 

[Duncan, et al.(1996)] [Namekawa (2005)]

[Blum, et al.(2007)] 



 Chiral perturbation theory (CHPT)

 Dynamics of Goldstone boson
○ The most famous effective field theory describing the meson field U and its 

interaction in low energy region.

○ construction in SU(N)×SU(N)(×UV(1)) symmetry at N flavor

○ Low energy theory of QCD associated with the spontaneous symmetry 

breaking

 Chiral expansion

partition function corresponding with QCD and expansion to

with p~mπ, and Goldstone field U, instead of quark and gluon. 

In the low energy CHPT at NLO or NNLO well describes the dynamics 

of QCD.
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Low energy constants (LECs)



 Leading order 

invariant in SU(3)×SU(3) transformation: 

rμ, lμ : external field. (cf. lμ corresponds to W boson field)

 Next-leading order

Li i=1~10: low-energy constant

L10 from experiment (2-loop CHPT):
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Low energy constant (cont)

Decay constant of pion Quark mass matrix

〈VV－AA〉
=〈LR〉

[DMO (1967)][Ecker (2007)]



 K0→ππ matrix element
Electroweak penguin operator

and its matrix element can be reduced to

with soft-pion (keon) technique,                                   , in mu=ms=0. 

Here we define as

On the other hand, 〈O1,8〉appears in OPE of 〈VV－AA〉 at p-6 order.
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4-quark condensate

[Donoghue, (2000)]



 OPE formula
Expansion of the Green function to be

with coefficients C(p), which has perturbatively obtained.

 〈VV－AA〉
Vacuum polarization of VV-AA is represented by

with

coefficients of A, B depend on the renormalization scheme

Using a6, b6 we also express〈O1,8〉.
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4-quark condensate (cont)

[Donoghue, (2000)]
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JLQCD project



 Non-perturbative calculation

 Hadronic contribution to muon g-2

 Δmπ
2

 Low energy constant

 4-quark condensation

So far, there has been no calculation beyond the 

perturbation or some effective models.
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Lattice applications

Why ? Is it lattice QCD ?

Lattice QCD has not reached the enough accuracy 

to calculate these quantities.

Non-perturbative 

dynamics is very 

important !



 Chiral symmetry

 explicitly broken by Wilson term at O(a) to avoid the 

doubling problem. (No-go theorem) 

 Pion mass does not go to zero in zero bare quark mass.

→ existing the additional mass, which depends on the 

coupling constant, so that it needs fine-tuning.

 Operator mixing with additional term

 Sea quark

 do not calculate (det D)N, due to large computational cost. 

→ violation of unitarity, it’s not realistic theory.
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Compromise so far



 Overlap fermion

 ensuring the exact chiral symmetry

by Ginsberg-Wilson relation,

 same chiral multiplet as continuum theory 

→ Ward identity, axial transformation: 

 and more on index theorem, chiral anomaly, …

 however, need much larger computational cost than other 

fermions (Wilson-type, staggered fermion, …)

11/25/2007 Vacuum polarization on the lattice 15

Simulation of realistic QCD



 Dynamical simulation

 to include sea quarks, we have to compute det D in each 

trajectories. → det[(volume ×12)2 matrix]×(traj.)

→ it’s not practical

 Φ algorithm

generation of both gauge configuration and pseudo-fermion

→ need to calculate         at each trajectories. 

 depends on the optimal algorithm for D-1

11/25/2007 Vacuum polarization on the lattice 16

Simulation of realistic QCD (cont)

φ: pseudo fermion



 (overlap)×(dynamical) = dynamical overlap

 realistic simulation on QCD 

→ the first principles of QCD

 Neck → cost, but it is not unrealistic in the present 

computational power.

 JLQCD project

 Dynamical overlap simulation on the enough size

 Brute force, using the already known algorithm.

 High performance computer

○ KEK/Blue Gene/L: 57.6 Tflops (10 racks) and 30% performance

○ storing 50 lowest eigenmodes on the disk. 
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Simulation of realistic QCD (cont)

[Hashimoto et al., (2005)]

(No. 55 placing in Top500, Nov. 2007)



 Exact chiral symmetry

 NOT fear the violation of chiral symmetry and operator 

mixing, and pion mass goes to zero in zero bare mass.

 NOT consider additional O(a) term in CHPT, we use CHPT 

formula straightforwardly

 Light quark mass

 No problem when quark mass goes to light.

(don’t happen the exceptional configuration as in Wilson-type)

 analyze the both ε-expansion ( ) and p(chiral)-

expansion numerically 
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Our achievement

[Fukaya, (2007)]



 2 flavor simulation

 Lightest quark is dynamical, however strange quark is 

quenched. 3 flavor project is on-going. [Noaki, (2007)]

 Fixed topology

 by fixing the topological charge, suppress the 

computational cost. (~0.1 times)

 under control the locality

 however, coming the extra finite size effect [Aoki, (2007) ]

 Relatively small lattice size

 need to consider the finite size effect
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Now compromise

[Fukaya, 2006][JLQCD, 2006]
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Background



 Focus on ΠV-A

 Low momentum

using CHPT formula, we obtain L10

 High momentum

through OPE, we extract 4-quark condensate

 Full region

combining both region, we obtain Δmπ
2 through Das-Guralnik-

Mathur-Low-Young (DGMLY) sum rule.

Hereafter we are interested in –q2=Q2>0.
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Phenomenology



 Spectral representation

 Spectral function, 

 Resonance saturation
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Phenomenology (cont)

OPE

Resonance state

ΠV-A
Non-perturbative
effect

CHPT



 Weinberg sum rule

 1st

 2nd

 Comparison with experiment

Using fρ =154 MeV, mρ =770 MeV, one found

Experiment
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Spectral sum rules

Resonance saturation

Good agreement with experiment, then this model is good 

approximation to spectral function.

[Weinberg, (1967)] 



 DGMLY sum rule

 Sum rule for providing the pion mass difference

which is derived by using soft-pion theorem, so its relation is exact in 

the chiral limit.

In resonance saturation model,                                      which is also 

close to experiment, 

 Das-Mathure-Okubo (DMO) sum rule

Originally, this sum rule provides pion charge radius, and axial form 

factor. Through CHPT, this sum rule provides low-energy constant
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Spectral sum rules (cont)

[Das, et al.(1967)] 

[DMO,.(1967)] 



 Spectral sum rule for vacuum polarization

 Using V-A vacuum polarization, ΠV – ΠA= ΠV-A, 

which are correct in the chiral limit.

 Extraction of

From expansion of current correlator to

in Euclidian space-time.                    is proportional to QμQν.
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ΠV-A
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Our works
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Lattice parameters

gauge action Iwasaki

β 2.3

a-1 1.67 GeV

fermion action 2-flavor overlap

m0 1.6

quark mass 0.015, 0.025, 0.035, 0.050

Qtop 0

ZA = ZV 1.38

• Vector and axial vector current



 Current correlator
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Extraction of ΠV-A

Additional term, which corresponds to the 

contact term due to using non-conserving current

However, VV-AA is 
mostly canceled, so 
that we ignore these 
terms including higher 
order.



 Example, mq=0.015

 Q2ΠV and Q2ΠA are very similar.

 Signal of Q2ΠV-A is order of magnitudes smaller, but under good 
control thanks to exact chiral symmetry. 
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Momentum dependence of ΠV-A

Q2ΠV-A = Q2ΠV - Q2ΠAQ2ΠV and Q2ΠA



 One-loop in CHPT
In CHPT(2-flavor), 〈VV-AA〉correlator can be expressed as

where

LECs     corresponds to L10 in SU(2)×SU(2) CHPT.

 DMO sum rule

it means l5 can be obtained by chiral extrapolation in the finite Q2. 
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How to extract LECs
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How to extract LECs (cont)

CHPT formula at 1-loop

Fitting at smallest Q2:

cf. exp. -0.00509(57) 

Except for the smallest one, 

CHPT at one-loop will not 

be suitable because 

momentum is too large.



 OPE for 〈VV-AA〉
At high momentum, one found

at renormalization scale μ.

a6 and b6 has 4-quark condensate,

We notice 

1. In the mass less limit, ΠV-A starts from O(Q-6)

2. b6 is subleading order. b6 / a6 ~ 0.03

Our ansatz:

linear mass dependence for a6, and constant for b6
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How to extract 4-quark condensate
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How to extract 4-quark condensate (const)

• Fitting form:

Free parameter, a6, b6,c6.

• range

[0.9,1.3]

Result: cf.  using ALEPH data

(τ decay)

a6 ~ -4.5×10-3 GeV6



 Two integration range

 Q2 ＞Λ2 :

 Q2≦ Λ2 :  fit ansatz, x1~6 are free parameters,

using Weinberg sum rule

and , 
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How to extract Δmπ
2
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How to extract Δmπ
2 (cont)

• Fit range: Q2≦1=Λ2

• good fitting in all quark 

masses

• In the chiral limit:

including OPE result.

• smaller than exp.

1260 MeV2

about 30~40%

Finite size and

fixed topology effect ?



 Vacuum polarization includes some non-perturbative physics.  

(e.g. Δmπ
2 , LECs, 4-quark condensate, …)

 Their calculation requires the exact chiral symmetry, since 

the behavior near the chiral limit is important.

 Overlap fermion is suitable for this study, however its 

computational cost is much larger than ordinary fermion.

 JLQCD collaboration is doing the dynamical overlap project 

using powerful machine.

 Analysis of ΠV-A is one of the feasible studies with dynamical 

overlap fermion.
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Summary


