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Introduction 

We image the world is really five-
dimensional, and that four-dimensional 
chiral fermion arises from the 4D domain 
wall in the fifth dimension. This formulation 
is called “Domain Wall Fermion.”



Introduction

This is the action in the continuum limit. The usual 

coordinates μ=1 to 4 are labeled by x. And a fifth 

dimension is labeled by s.

where



Introduction

Equation of Motion:

We can use separation of variables to solve this 

equation:



Introduction

Equation of Motion:

After putting the field into the equation:



Introduction

The following condition must be satisfied:

Since u(p) is the fermion field of Zero mass:



Introduction

The solution of the equation is as follows:

When m0>0, the only normalizable  f(s) is :

For this solution, γ5u(p)= -u(p). Therefore, u(p) 

is a left-handed massless spinor.
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Introduction

Therefore,

at  s=0 is a left handed chiral fermions. 
And this is why we call it domain wall 

fermion.

Also, if we want a right-handed field, we 

just have to set m(s) → -m(s) .
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DWF on the Lattice

1) We take only 0<s<Ns+1

2) Dirichlet boundary 

conditions at both hands.

We can now describe DWF of Lattice version.



DWF on the Lattice

5D Wilson Fermions:



DWF on the Lattice

5D Wilson Fermions:



DWF on the lattice

The action can be simplified into this form:



DWF on the lattice

where the Matrix M is defined as follows:



DWF on the lattice



DWF on the lattice

We must bundle the left-handed and right-
handed modes into a single spinor.
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Zero Mode for the free fermions 

This looks like a 4D naive fermion. The only 

difference is the mass term is not diagonal.

And the zero mode is the eigenfunction of the 

mass matrix with zero eigenvalue.



Zero Mode for the free fermions 



Zero Mode for the free fermions 

So we can get the following solution:



In order to get zero value when Ns goes to infinity:



Outline

1. Introduction: DWF in the continuum

2. DWF on the lattice

3. Zero Mode for the free fermions

4. The quark mass

5. Chiral Anomaly of DWF

6. Pauli-Villars regulator field

7. GW Relation

8. Chiral Anomaly of GW Fermions



The quark mass



The quark mass

Use this relation, we can replace ψ with q :

In the momentum space:



For the same reason we can write down the 
expression of 

Now it’s easy to write down the action in quark field.



The quark mass



The quark mass



The quark mass



The quark mass



The quark mass

where W0 is the W at p=0.

By checking the pole of the propagator, we get the 
mass of quark.



The quark mass

1. For Ns goes to ∞, effective mass is zero when mf 

is zero, which imply this action respects chiral 
symmetry.

2. However, for a finite Ns, effective mass is nonzero 
even when mf is zero. So it is chiral symmetric 

only when Ns goes to ∞.
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Chiral Anomaly of DWF

Axial-vector Ward-Takahashi Identity:

where

Here, τ0=Ι, and τa (a=1,..,N) is the generator of SU(N).



Chiral Anomaly of DWF

Axial-vector Ward-Takahashi Identity:

where

and the infinitesimal transformation for the fields are:



Chiral Anomaly of DWF

We can get Chiral transformation in DWF by doing the 

following transformation:



Chiral Anomaly of DWF

We can get Chiral transformation in DWF by doing the 

following transformation:

By doing so, we can transform quark field chirally.



where

After some simple calculation, the change of action 

can be written as follows:



Put into the Ward Identity:

We can get

After sum over fifth dimension s,



where
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Pauli-Villars regulator field

We have discussed the zero modes reside at s=1, 
and s=Ns. Now we would like to remove the heavy 

modes in the bulk of the 5th dimension.



Pauli-Villars regulator field

This new Dirac operator obey the following relation:

where
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GW Relation

1. the propagator is chiral invariant at all non-

zero distances 

2. The Dirac operator is exactly chiral in the 

continuum limit.
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Chiral Anomaly of GW Fermion

In 1998, Lüscher found that the GW relation leads to 
a non-standard realization of chiral symmetry in the 

theory, which is invariant under the infinitesimal 
transformations:



Chiral Anomaly of GW Fermion

The fermion measure, however, transforms anomalously 

under this symmetry, and a simple calculation shows that 
this gives a precise form of the chiral anomaly.



Chiral Anomaly of GW Fermion



Chiral Anomaly of GW Fermion



Conclusion

1. Lattice fermion problem can be 
circumvented by the domain-wall 
fermion, which possesses exact chiral 
symmetry at finite lattice, and free of 
species doubling.

2. After adding Pauli-Villars field, the 
effective 4D Dirac operator obeys the 
GW relation.

3. DWF has the correct Chiral Anomalies.


