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Background & Motivation

• Extraction of physical predictions from Lattice QCD of-

ten requires lattice perturbation theory. E.g., to extract the

coupling constant and quark masses.

• Want to determine the coupling in the MS scheme at the

scale of the Z-boson: gMS(MZ). Similarly for quark masses.

• For the coupling, this is done by non-perturbative evalu-

ation of short-distance observables in Lattice QCD (e.g., pla-

quette variables, static quark potential). Comparison with the

perturbative expansion for these qunatities allows the coupling

to be determined.

• The lattice evaluation is done with some bare lattice cou-

pling g0. Therefore, to determine gMS need to know the per-

turbative relation between gMS and go. This is also needed for

relating the bare quark masses to the quark masses in the MS

scheme.
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• Lattice perturbation theory is much more complicated than

in continuum.

• Present day lattice actions are highly “improved” – in-

creases the complexity of perturbation theory even more.

• Therefore, lattice perturbative calculations these days are

often automated via symbolic computer programs.

Bugs?! −→ very desirable to have independent checks, espe-

cially analytic ones.
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This talk: Relation between bare lattice g0 and gMS at one

loop.

• On general grounds have

g(µ)2 = g2
0(1 + c1g

2
0 +O(g4

0) )

• The one loop coefficient c1 = c1(a
2µ2) can be calculated

from gluonic 2-point function; has contributions from gauge,

ghost, and fermion loops.

• This talk: A general formula for the fermion loop contri-

bution to c1(a
2µ2) for general lattice fermion formulation.

• Benefits: (1) Avoids the need to repeat calculations from

scratch each time a new improved lattice fermion formulation

is considered. (2) For several important lattice fermion for-

mulations (Asqtad-staggered and overlap) no previous analytic

calculation of one-loop coefficient. The general formula here

will provide this (future work). This will be important check

on current evaluations by symbolic computer programs.

• Checks on the correectness of my general formula: Re-

produces (and unifies) the previous known results for naive,

staggered and Wilson fermions. Reproduces previous result for

Wilson clover fermions, giving closed form expression and result

to much higher numerical accuracy than previous literature.
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Outline of the approach

The problem reduces to determining a constant cI arising in

a logarithmically divergent one fermion loop lattice Feynman

integral I(am), which has the general structure

I(am) =
1

24π2
log(a2m2) + cI (1)

Here a is the lattice spacing andm an infrared regulator fermion

mass. The numerical factor in the log term is universal, whereas

cI depends on the details of the lattice fermion formulation.

• I(am) arises from the one fermion loop contribution to the

gluonic 2-point function, and it is from this that it was evaluated

in previous works for specific lattice fermion formulations.

• However, Ward Identities allow I(am) to also be evaluated

from the gluonic 3- or 4-point functions. New idea: Use 4-point

function. In this case there are five lattice Feynman diagrams

to consider rather than the two diagrams for the gluonic 2-point

function – see next figure...
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The lattice Feynman diagrams for the gluonic n-point function

with internal fermion loop for n=2, 3, 4.
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Nevertheless, evaluation of I(am) from the 4-point function

turns out to be advantageous:

• The diagrams are evaluated at vanishing external momenta

without the need to first take momentum derivatives, and we

find three nice properties:

(i) Only one of the five diagrams is logarithmically divergent –

it is the first n= 4 diagram in Fig. . The other four diagrams

are all convergent.

(ii) The logarithmically divergent diagram is not affected by

changes in how the link variables are coupled to the fermions

(e.g., it is unchanged by adding staples, clover term etc.). Con-

sequently, it is the same for improved and unimproved versions

of the lattice fermion formulation (provided the free field for-

mulations are the same).

(iii) The four convergent diagrams, or subsets of them, vanish

when the lattice Dirac operator is sufficiently simple. In par-

ticular, they all vanish for unimproved Wilson and staggered

fermions

•Thus for improved versions of Wilson and staggered fermions

the only new quantities to compute relative to the unimproved

case are the four convergent one-loop lattice integrals. (This is

only true in the staggered fermion case when the Naik term is

not used)
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Main result described here: a general integral formula

for I(am) obtained by evaluating the contributions from the five

n=4 Feynman diagrams for general lattice fermion formulation,

from which the desired constant cI can be extracted.

• Specifically, (a) evaluate the contribution from the loga-

rithmically divergent diagram, deriving a quite explicit general

formula which is seen to reproduce previous results for the cases

of unimproved Wilson and naive/staggered fermions, and (b)

derive formulae for, and describe a straightforward procedure

for evaluating, the contributions from the four convergent dia-

grams.

• We illustrate this in the case of Wilson clover fermions.

The general formulae lead to integrals to which the method of

Burgio et al. can be applied, reducing the integrals to basic

lattice integrals that are already known to high precision.

• The application of our result to other lattice fermion for-

mulations such as Asqtad staggered fermions [?] and overlap

fermions [?] will be made in future work.
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Plan for the rest of the talk:

(1) Review the one loop expansion of the MS coupling in

the bare lattice coupling, using the background field approach.

(2) Derive initial expression for I(am) as the sum of con-

tributions from the five n = 4 diagrams and show it has the

properties claimed above.

(3) Derive the general formulae and applications advertized

above.

(4) Summarize and discuss future applications and possible

extensions.
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Generalities of the one-loop relation betwen bare

lattice coupling and MS coupling

The gauge field quantum effective action Γ(A) in Euclidean

spacetime can be expressed (prior to gauge fixing) as

e−Γ(A) =
∫
DQDψ̄Dψ e

− 1
g2SY M (A+gQ)−

∫
ψ̄D(A+gQ)ψ

(2)

SYM is Yang-Mills action

D(A + gQ) is the Dirac operator coupled to A + gQ

A is the background gauge field and Q the quantum fluctu-

ation field.

Gauge group is SU(N); fermions in fundamental rep.

Γ(A) has the loop expansion:

Γ(A) =
1

g2
SYM(A) + Γ1(A) + g2Γ2(A) + . . .+ g2(n−1)Γn(A) + . . .(3)

10



Expanding Γ(A) in powers of A, the term quadratic in A has

the form

Γ(2)(A) =
∫

p
Γ(2)(p)abµν Â

a
µ(p)Â

b
ν(−p) (4)

Âa
µ(p) denotes the Fourier transform of Aa

µ(x).

Gauge invariance of Γ(A) and rotation symmetry imply that

the 2-point function has the form

Γ(2)(p)abµν = −δab(p2δµν − pµpν)[
1

g2
− ν1(p) − . . .− g2(n−1)νn(p) − . . . ](5)

The relation between the MS renormalized coupling g and

bare lattice coupling g0 at one loop can be obtained by requiring

equality of Γ(A)MS and Γ(A)lat up to one loop:

1

g2
SYM(A) + Γ1(A)MS =

1

g2
0

SYM(A) + Γ1(A)lat (6)

Expanding each side in powers of A, the equality betwen the

quadratic terms gives, in light of (5),1

1

g2
− ν1(p)MS =

1

g2
0

− ν1(p)lat (7)

1In the lattice theory there is only hypercubic rotation symmetry. However, this suffices to obtain
(5) in the lattice setting up to terms which vanish for a → 0.
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The one-loop contribution to the 2-point function is given by

a sum of 3 terms: gauge field loop, ghost loop and fermion loop.

Consequently, for Nf flavors of massless fermions, ν1(p)MS

and ν1(p)lat have the general forms

ν1(p)MS = −β0 log(p2/µ2) + cgMS +Nf c
f
MS (8)

ν1(p)lat = −β0 log(a2p2) + cglat +Nf c
f
lat (9)

where µ is the mass scale in the MS scheme, a is the lattice

spacing, and

β0 =
1

16π2
(N

11

3
−Nf

2

3
) (10)

The constant cg arises from the gauge and ghost loop contri-

butions; it depends on N and the gauge fixing parameter, while

cf arises from the fermion loop contribution.

In the lattice case cg and cf also depend on whatever pa-

rameters are present in the lattice gauge and fermion actions.

(E.g., for lattice Wilson fermions cflat depends on the Wilson

parameter.)

The log term in ν1(p)lat is fixed by universality considera-

tions.
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From (7) and (8)–(9) we get

1

g2
=

1

g2
0

+ β0 log(a2µ2) + l0 (11)

where

l0 = lg0 +Nf l
f
0 (12)

lg0 = cgMS − cglat , lf0 = cfMS − cflat (13)

The relation bewteen g and g0 up to one loop now follows

from (11):

g2 = g2
0(1 − g2

0[β0 log(a2µ2) + l0] +O(g4
0) ) (14)

Also, from (11) or (14) the relation between the lattice and

MS Λ-parameters is obtained:

Λlat

ΛMS

= el0/2β0 (15)

The focus of our attention in this work is the fermionic con-

tribution to l0 , i.e., lf0 in (13) for general lattice fermion formu-

lation.

The continuum constant cfMS in (13) is well-known:

cfMS = −
5

72π2
(16)

Therefore, to determine lf0 we need to determine the lattice

constant cflat for general lattice fermion formulation.
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To study cflat it suffices to consider the Nf = 1 case which we

restrict to henceforth.

We proceed by expanding the lattice 2-point function Γ
(2)
lat(p)

ab
µν

in powers of (the components of) the external momentum p.

Although Γ
(2)
lat(p)

ab
µν itself is infrared finite, the terms in the

expansion are individually infrared divergent. To deal with this

we introduce a fermion mass m as regulator; it renders the

expansion terms finite.

Since gauge invariance is maintained when m is introduced,

the expansion of the one fermion loop contribution to Γ
(2)
lat(p)

ab
µν

up to 2nd order in p results in an expression of the general form

[Γ
(2)
lat(p)

ab
µν]f, 1−loop = δab(p2δµν − pµpν)[I(am) +R(p2/m2)](17)

up to terms which vanish for lattice spacing a→ 0. Here I(am)

is a logarithmically divergent one loop lattice Feynman integral

given by

I(am) = −∂µ∂ν [Γ
(2)
lat(p)

11
µν]f, 1−loop|p=0 (µ 6= ν , no sum)(18)

(∂µ ≡
∂
∂pµ

).
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By the structural result of DA&Lee it has the general form2

I(am) =
1

24π2
log(a2m2) + cI (19)

where the constant cI depends on the details of the lattice

fermion formulation.

R(p2/m2) in (17) denotes the continuum limit of the remain-

der term after expanding [Γ
(2)
lat(p)

ab
µν]f, 1−loop to 2nd order in p.

It is convergent by power-counting and therefore coincides

with the corresponding (known) continuum term:

R(p2/m2) =
1

4π2

∫ 1

0
dx x(1 − x) log [x(1 − x)

p2

m2
+ 1]

=
1

24π2
log(p2/m2) +

1

4π2

∫ 1

0
dx x(1 − x) log [x(1 − x) +

m2

p2

≡
1

24π2
log(p2/m2) + ˜R(m2/p2) (20)

Substituting (19) and (20) in (17) gives

[Γ
(2)
lat(p)

ab
µν]f, 1−loop

= δab(p2δµν − pµpν)[
1

24π2
log(a2p2) + cI + R̃(m2/p2)]

(21)

2The factor 1/24π2 in the log term is fixed by universality [?]; it is minus the fermionic term in
β0 with Nf =1.
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Comparing this to the expression (5) for Γ
(2)
lat(p)

ab
µν with ν1(p)lat

given by (9), we see that

cflat = cI + R̃(0) (22)

In fact ˜R(0) is precisely the MS constant cfMS : explicit eval-

uation of the integral in (20) at m = 0 gives R̃(0) = −5/72π2.

It follows from (13) that

lf0 = −cI (23)

Thus the issue is to determine the constant cI appearing in

the logarithmically divergent one-loop lattice integral I(am) in

(18)–(19).

Goal: derive a compact general formula for I(am) for general

lattice fermions which can then be used to determine cI .
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An initial formula for I(am)

D: general lattice Dirac operator, translation-invariant and

transforms covariantly under gauge transformations and rota-

tions of the 4-dimensional Euclidean hypercubic lattice.

Lattice perturbation theory setup: The ansatz for the link

variables is

Uµ(x) = eaAµ(x+1
2aµ̂) (24)

(µ̂=unit vector in the positive µ-direction).

The Fourier-transformed field Âµ(p) is defined via

Aµ(x +
1

2
aµ̂) =

∫

p
Âµ(p) e

ip·(x+1
2aµ̂) . (25)

Now consider general lattice Dirac operator D, translation-

invariant and transforms covariantly under gauge transforma-

tions and rotations of the 4-dimensional Euclidean hypercubic

lattice.
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Expanding the link variables in powers of A gives expansion

D =
∞∑

n=0
Dn (26)

Translation-invariance implies that each Dn can be expressed

in momentum basis in the form

Dn(k
′, k) = an−1

∫

p1,...,pn
δ(p1 + . . . + pn + k − k′)

× dn(ak | ap1, . . . , apn)µ1···µnÂµ1(p1) · · · Âµn(pn)

(27)

The continuum limit requirements on D are

1

a
d0(ak) a→0−→ iγνkν +m (28)

d1(ak | ap)µ
a→0−→ γµ (29)

The mass m enters via an additive term am in d0(ak) (we

suppress the m-dependence in the notation).
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From this the propagator and interaction vertices can be read

off and used to evaluate the 5 lattice Feynman diagrams for

the one fermion loop contributioin to the 4-gluon vertex (recall

previous figure) The resulting expression for I(am) is as follows.

From the functions dn in (27) we define

dn(k)µ1···µn ≡ dn(k | 0, . . . , 0)µ1···µn (30)

Then

I(am)

= I(1,1,1,1)(am) + I(1,1,2)(am) + I(2,2)(am) + I(1,3)(am) + I(0,4)(am)

where

I(1,1,1,1)(am) =
1

4

∫ π
−π

d4k

(2π)4
tr d0(k)−1d1(k)µ d0(k)−1d1(k)ν

× d0(k)−1d1(k)µ d0(k)−1d1(k)ν

I(1,1,2)(am) = −
∫ π
−π

d4k

(2π)4
tr d0(k)−1d1(k)µ

× d0(k)−1d1(k)ν d0(k)−1d2(k)µν

I(2,2)(am) =
1

2

∫ π
−π

d4k

(2π)4
tr d0(k)−1d2(k)µν d0(k)−1d2(k)µν

I(1,3)(am) =
∫ π
−π

d4k

(2π)4
tr d0(k)−1d1(k)µ d0(k)−1 d3(k)νµν

I(0,4)(am) = −
∫ π
−π

d4k

(2π)4
tr d0(k)−1d4(k)µνµν

for any choice of µ and ν with µ 6= ν (no sum over repeated

indices). The traces are over spinor indices alone.

The notations I(1,1,1,1), I(1,1,2) etc correspond in an obvious

way to the 5 Feynman diagrams for the 4-point function.
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In light of (28) it is clear that the integral I(1,1,1,1)(am) di-

verges logarithmically for am→ 0 while the other integrals are

all finite in this limit. General structural results [DA&Lee] im-

ply that the divergent integral necessarily has the general form

I(1,1,1,1)(am) =
1

24π2
log(a2m2) + c̃I (31)

up to terms which vanish for a→ 0. Then cI is given by

cI = c̃I + I(1,1,2)(0) + I(2,2)(0) + I(1,3)(0) + I(0,4)(0) (32)

Next we point out that I(1,1,1,1)(am), and hence c̃I , depend only

on the free field lattice Dirac operator. This is because d1(k)µ
is determined by d0(k) : for any lattice fermion formulation we

have

d1(k)µ =
1

i

d

dkµ
d0(k) . (33)

(I prove this in the paper)

Therefore, a change of gauging of D (e.g., by adding staples,

clover term etc.) affects only the finite integrals.
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A further advantage becomes apparent when considering the

description of D in terms of lattice paths (we will discuss the

path description more explicitly later):

It is easy to see that the vertex function dn(k | p1, . . . , pn)µ1···µn

receives contributions only from lattice paths which contain a

lattice link parallel to the µ1-axis, preceded at some point by a

link parallel to the µ2-axis, preceded at some point by a link par-

allel to the µ3-axis, and so on. In particular, if the lattice paths

describing D are straight lines, as is the case for the Wilson-

Dirac, naive and staggered operators, then dn(k)µ1···µn vanishes

unless the µj’s are all the same. It follows that the finite terms

(??)–(??) all vanish in this case (since µ 6= ν there).

Thus, for such lattice Dirac operators, I(am) is given entirely

by I(1,1,1,1)(am). These properties make our formulae useful for

evaluating I(am) and cI in practice for specific lattice fermion

formulations, especially for improved formulations.

Taking the initial formula for I(am) in this section as start-

ing point, we go on to derive more explicit expressions in the

following.
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Formulae for I(1,1,1,1)(am)

For simplicity we use the notations d0 ≡ d0(k) and ∂µ ≡
∂
∂kµ

in the following. We assume that

∆0 ≡ d†0d0 = d0d
†
0

is a scalar, i.e., trivial in spinor space. Note that this is a free

field statement; it holds for all lattice Dirac operators of current

interest (naive, staggered, Wilson, overlap,...).

Recalling (33): d1(k)µ = −i∂µd0 , and using the relations

d−1
0 =

d†0
∆0

, ∂µd
−1
0 =

1

∆0
(∂µd

†
0 −

∂µ∆0 d
†
0

∆0
) ,

evaluation of (??) leads to

I(1,1,1,1)(am) =
1

24

∫ π
−π

d4k

(2π)4
trXµν(k)

∆0(k)2

for any choice of µ, ν with µ 6= ν , where

Xµν = −6d†0∂µ(∂νd0 ∂µd
†
0 ∂νd0) + ∂2

µ(∂ν∆0 d
†
0 ∂νd0)

−∂2
µ(∆0 ∂νd

†
0 ∂νd0) + ∂ν(∂

2
µ∆0 d

†
0 ∂νd0) − 2∂2

µ∆0 ∂νd
†
0 ∂νd0
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To evaluate this expression further, we now assume that d0

(the free field momentum representation of the lattice Dirac

operator D) has the general form

d0 = iγσρσ + λ

where ρσ(k) and λ(k) (which includes the mass term) are real

scalar functions, and the gamma-matrices are hermitian, so that

d†0 = −iγσρσ + λ and ∆0 = ρ2 + λ2. This is the typical free

field form of lattice Dirac operators of interest in practice; it

covers the naive, staggered, Wilson, and overlap operators and

their improved versions. For simplicity we make the further

assumption that

∂µ∂νd0 = 0 for µ 6= ν .

This holds for Wilson, naive and staggered fermions, also when

the Naik term is included, but does not hold for the overlap

operator. (The extention of the following to the general case

∂µ∂νd0 6= 0 is straightforward but tedious, and we defer it to a

future article where the specific results for the overlap operator

will be derived.)
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With this we find

I(1,1,1,1)(am) =
1

12

∫ π
−π

d4k

(2π)4
Yµν(k)

(ρ(k)2 + λ(k, am)2)2
(µ 6= ν)

where

Yµν = ∂2
µρ

2
µ ∂

2
νρ

2
ν − 12(∂µρµ)

2(∂νρν)
2 + 2∂2

µλ
2 ∂2

νρ
2
ν − 24(∂µλ)2(∂νρν)

2

− 12∂2
µλ ∂νλ ρν ∂νρν − 4(∂µλ)2λ ∂2

νλ + 4λ2∂2
µλ ∂

2
νλ .

From this, using integration by parts a more compact expresion

can be obtained:

I(1,1,1,1)(am) = −
∫ π
−π

d4k

(2π)4
(
[(∂µρµ)

2 + (∂µλ)2][(∂νρν)
2 + (∂νλ)2]

∆2
0

−1
2
(∂µ∂ν log ∆0)

2)

(recall ∆0 = ρ2 + λ2).
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Now we show that these general formulae readily reproduce

the previously known results for the specific cases of (unim-

proved) naive, staggered and Wilson fermions. (Recall that

I(am) is given entirely by I(1,1,1,1)(am) in these cases.)

0.1 Naive and staggered fermions

For a naive fermion, ρσ = sin kσ , λ = am, we find

Yµν(k) = 4 cos 2kµ cos 2kν − 12 cos2 kµ cos2 kν

up to terms which are O(a) for a→ 0. Leads to

I(am) = Nt

∫ π/2
−π/2

d4k

(2π)4

1
3
cos 2kµ cos 2kν − cos2 kµ cos2 kν

((am)2 +
∑
σ sin2 kσ)

2

up to terms which vanish for a→ 0, where Nt is the number

of fermion “tastes” (16 for a naive fermion, 4 for a staggered

fermion). This is precisely the expression for I(am) derived

previously by Weisz and colaborators.
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The integral can be evaluated by the method of Burgio et

al.. It expresses the integral in terms of certain basic lattice

integrals that were evaluated numerically to high precision in

We find the following result:

I(am) = Nt[
1

24π2
( log(2am)2 + γE − F0) +

7

144
Z0]

where γE is the Euler constant and F0 , Z0 are numerical con-

stants obtained to high numerical accuracy by Burgio. Thus

the divergent part has the correct universal structure, and the

constant cI (= −lf0 ) that we are after is given by

−cI/Nt =
1

24π2
(F0 − γE − log(4)) −

7

144
Z0

= 0.0026247621012431485...

Agrees with previous result of Weisz. We have obtained it

to much higher numerical precision here though, thanks to the

high accuracy to which F0 and Z0 were evaluated by Burgio.
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0.2 Wilson fermions

In this case ρσ = sin kσ , λ = r
∑
α(1 − cos kα) + am where r is

the Wilson parameter. We find

Yµν(k) = 4 cos 2kµ cos 2kν − 12 cos2 kµ cos2 kν

+ r2(8 sin2 kµ(cos 2kν − 3 cos2 kν)

−6 sin 2kµ sin kµ cos kν + 16 cos 2kµ cos kν
∑

α
sin2(kα/2))

+ r4( − 8 sin2 kµ cos kν
∑

α
sin2(kα/2)

+16 cos kµ cos kν(
∑

α
sin2(kα/2))2 )

up to terms which are O(a) for a → 0. Reproduces previous

result of Kawai and collaborators.

The Wilson fermion case was also considered independently

by P. Weisz. Note that for Wilson fermions (∂µρµ)
2 + (∂µλ)2 =

sin2 kµ + cos2 kµ = 1, hence our 2nd formula simplifies to

I(am) = −
∫ π
−π

d4k

(2π)4
(

1

∆2
0

− 1
2(∂µ∂ν log ∆0)

2)

reproducing Weisz’s expression.
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Evaluation of the finite integrals

We now derive general formulae for the finite integrals and

describe how these can be straightforwardly evaluated, using

staple and clover terms as illustrations.

Evaluation of I(1,1,2)(am) leads to

I(1,1,2)(am) = −
∫ π
−π

d4k

(2π)4
tr[∂µd

†
0 ∂νd0 d

†
0 d2µν −

1
2∂µ(d

†
0 ∂νd0 d

†
0 d2µν)]

∆2
0

(for any choice of µ, ν with µ 6= ν) with the notations d0 =

d0(k) , ∆0 = d†0(k)d0(k) and d2µν = d2(k)µν.

Specializing as before to the case where d0 has the general

form d0 = iγσρσ + λ and satisfies ∂µ∂νd0 = 0 for µ 6= ν,

and assuming that the gamma-matrix structure of d2µν has

the general form

d2(k)µν = γµγνeµν(k) (µ 6= ν)

the preceding formula reduces to

I(1,1,2)(am) = −
∫ π
−π

d4k

(2π)4
4(ρµ∂νρν∂µλ + ρν∂µρµ∂νλ− ∂µρµ∂νρνλ)eµν

(ρ2 + λ2)2

(There are no terms involving derivatives of eµν(k) since these

all cancel out.)
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Evaluation of I(2,2)(am) leads to

I(2,2)(am) =
1

2

∫ π
−π

d4k

(2π)4
tr d†0 d2µν d

†
0 d2µν

∆2
0

Specializing as before, this leads to

I(2,2)(am) = −2
∫ π
−π

d4k

(2π)4
λ2 e2

µν

(ρ2 + λ2)2

Evaluation of I(1,3)(am) leads to

I(1,3)(am) =
∫ π
−π

d4k

(2π)4
i tr d†0 ∂µd3νµν

∆0

with the notation d3νµν = d3(k)νµν.

Specializing as before, and assuming that d3νµν has the gen-

eral form

d3(k)νµν = γµeνµν − ifνµν

we get

I(1,3)(am) = 4
∫ π
−π

d4k

(2π)4
ρµ∂µeνµν + λ∂µfνµν

ρ2 + λ2

Evaluation of I(0,4)(am) leads to

I(0,4)(am) = −
∫ π
−π

d4k

(2π)4
tr d†0 d4µνµν

∆0

with the notation d4µνµν = d4(k)µνµν. A specialized formula can

be worked out as in the previous cases (we omit the details).
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To evaluate the integrals in practice one needs to determine

d2(k)µν , d3(k)νµν and d4(k)µνµν (µ 6= ν) for the lattice Dirac

operator D. This can be done straightforwardly from the de-

scription of D in terms of lattice paths. (Described in detail in

my paper but omitted here for time constraints.)

Result for Wilson clover fermions:

d2(k)µν = −csw
1
2
γµγν , d3(k)νµν = 0 , d4(k)µνµν = 0

independent of k.

From this the finite integral contributions to I(am) can now

be determined in the case of Wilson clover fermions. Clearly

I(1,3) = I(0,4) = 0. The other integrals are determined by substi-

tuting ρµ = sin kµ , λ = r
∑
σ(1−cos kσ)+am and eµν = −csw/2

into the previous formulae. Taking the Wilson parameter to be

r = 1 and evaluating the integrals by the Burgio method we

find, in the a→ 0 limit,

I(1,1,2)(0) = (
2

3
F(1, 0) − F(2,−1))csw

= (0.005046714024535753066...)csw

and

I(2,2)(0) = −
1

8
F(2,−2) c2sw

= (−0.02984346719542684815...)c2sw

where csw is the clover coefficient and F(1, 0) , F(2,−1) and

F(2,−2) are certain basic convergent one loop lattice integrals

whose numerical values are given to high precision by Burgio.

Thus we have determined the numerical coefficients of csw
and c2sw. Our result agrees with the previous literature but

gives the numerical constants to much greater precision.
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Summary

• Have derived general integral formulae for I(am), confirm-

ing their correctness by checking that they reproduce the known

results in the cases of staggered, Wilson and clover fermions, and

in the process developing general techniques for evaluating the

formulae.

• In doing this we were able to express I(am) in those cases

in terms of basic one loop lattice integrals that have already

been evaluated to high precision in the work of Burgio et al.

This had already been done in the Wilson fermion case, but the

results for the staggered and clover cases are presented here for

the first time. The further applications of the general formulae

are left for future work, and in the following we discuss some

possibilities for this.

• Obvious targets for future applications are the various im-

proved versions of staggered fermions. Overlap fermions are

another target. Will obtain analytic formuae to check the pre-

vious ones obtained in automated way via symbolic computer

programs.

31


